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Abstract – The paper presents an analysis of a nonlin-
ear filtering problem corresponding to tracking of an ex-
tended target whose shape is modelled by an ellipse. The
measurements of target extent are assumed to be available
in addition to the usual positional measurements. Using
Cramer-Rao bounds we establish the best achievable error
performance for this highly nonlinear problem. The theo-
retical bounds are used to examine the performance as a
function of measurement accuracy, observer-target geome-
try and prior knowledge of shape parameters. Finally an
extended Kalman filter (KF) and an unscented KF are de-
veloped for this application and their performance (consis-
tency and RMS error) are examined.

Keywords: Extended target, nonlinear filtering, Cramer-
Rao bound, target tracking.

1 Introduction

A standard approach to target tracking is to assume a
single point positional measurement corresponding to a
target at each time step. Modern surveillance sensors,
however, are able to supply (in addition to positional
measurements), the measurements of target extent in
one or two dimensions. For example a high resolution
radar provides a useful measure of down-range extent
given a reasonable target signal-to-noise ratio. Simi-
larly, an imaging infra-red sensor can provide (at short
ranges) an indication of angular target extent (or the
cross-range extent).

The conventional tracking filters use the target cen-
troid as a single point positional measurement and
ignore this potentially useful additional information
about the target extent [1]. More recent approaches
to tracking extended targets use measurements of in-
dividual features or points on the target, by modelling
object dynamics as a coordinated bulk motion [3], [10],
[8] (for an overview see[9, Ch.11]). This approach, how-
ever, requires to deal with a complex issue of measure-
ment to feature association.

In this study we take a different approach, recently
proposed in [11]. The main idea is to adopt an elliptical
model of target shape, which is suitable for example in
maritime surveillance (tracking ships etc.). The ellipti-
cal model is convenient because both the target down-
range and cross-range vary smoothly with orientation

relative to the line-of-sight (LOS) between the observer
and the target. The incorporation of the target (ellip-
tical) shape parameters into the state vector, however,
poses some difficulties for the resulting nonlinear fil-
tering problem, as reported in [11]. In this study we
examine in more depth this nonlinear filtering prob-
lem using the Cramér-Rao lower bound (CRLB) [9,
Ch.4] as an analysis tool. Then an Extended Kalman
filter (EKF) and an Unscented Kalman filter (UKF)
are developed for this application. The error perfor-
mance of these two nonlinear filters is compared to the
theoretical CRLB and their consistency is analysed by
normalised estimation error squared (NEES) [2].

It is important to emphasise that the purpose of
using target extent measurements in a tracking sys-
tem is not so much to improve the track accuracy, but
more importantly to estimate a very useful target fea-
ture: the major and minor axes of its (elliptical) shape.
These target shape estimates are extremely useful both
for track maintenance [11] (e.g. in dense target/false
alarm environments) and for target identification.

The remaining part of the paper is organised as fol-
lows. Section 2 presents a mathematical formulation
of the nonlinear filtering problem for tracking an ellip-
soidal target using measurements of its position and ex-
tent. Section 3 describes the derivation of the theoret-
ical CRLB for this nonlinear filtering problem. Section
4 is devoted to an analysis of CRLB as a function of
measurement accuracy, target-observer geometry and
the influence of prior knowledge of shape parameters.
Section 5 presents an analysis of EKF and UKF error
performance. Section 6 summarises the main results of
this study.

2 Problem statement

Let us consider an extended target moving in the x-y
plane, whose shape can be modelled by an ellipse. A
typical scenario of interest is shown in Figure 1. The
observer and target kinematic state vectors are defined
as:

xo =
[
xo ẋo yo ẏo

]T (1)

xt =
[
xt ẋt yt ẏt

]T (2)



respectively. Here (x, y) is the position and (ẋ, ẏ) is
the velocity in the Cartesian x-y plane. The observer
kinematic state is assumed to be known. The relative
kinematic state vector is then:

x = xt − xo =
[
x ẋ y ẏ

]T
. (3)

Our goal is to estimate the joint kinematic-feature
state vector:

y =
[
xT ` γ

]T (4)

where ` is the target length (i.e. the length of the
major axis of its corresponding ellipse) and γ < 1 is
the quotient of target width and length (i.e. the ratio
of minor and major axes of the ellipse). The down-
range and cross-range extent of an ellipsoidal target
can then be expressed as (see Figure 1):

L(φ) = `

√
cos2 φ + γ2 sin2 φ (5)

W (φ) = `

√
sin2 φ + γ2 cos2 φ, (6)

where φ is the angle between the major axis of the
ellipse and the target-observer LOS.
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Fig. 1: Observer – Extended Target geometry in x-y
plane

2.1 State dynamics

In order to simplify analysis, we consider the case
where the target is moving with a nearly constant ve-
locity motion [2]. In general, however, this is not neces-
sary (e.g. [11] considers coordinated turn model). The
discrete-time state dynamic equation can be written
as:

yk+1 = Fkyk −Uk+1,k + Γkwk (7)

where k is the discrete-time index,

Fk =




1 Tk 0 0 0 0
0 1 0 0 0 0
0 0 1 Tk 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1




, (8)

Γk =




T 2
k /2 0 0 0
Tk 0 0 0
0 T 2

k /2 0 0
0 Tk 0 0
0 0 Tk 0
0 0 0 Tk




, (9)

Uk+1,k =




xo
k+1 − xo

k − Tkẋo
k

ẋo
k+1 − ẋo

k

yo
k+1 − yo

k − Tkẏo
k

ẏo
k+1 − ẏo

k

0
0




, (10)

wk is zero-mean Gaussian noise vector with covariance
Q = diag[qx, qy, q`, qγ ] and Tk is the sampling interval.
The matrix Uk+1,k is a vector of deterministic inputs
which account for the observer acceleration.

2.2 Measurement equation

We assume that the sensor is a high-resolution radar,
and that it supplies the tracking system with positional
measurements (target range and bearing) in relation to
the target centroid, as well as the target extent along
the LOS. Then the measurement equation is nonlinear,
i.e.

zk = h(yk) + vk (11)

where zk is the measurement vector at time k, h(yk) =[
r(yk) θ(yk) L(φ(yk))

]T with

r(yk) =
√

(yk[1])2 + (yk[3])2 (12)

θ(yk) = arctan
(

yk[3]
yk[1]

)
(13)

L(φ(yk)) = yk[5]
√

cos2 φ + (yk[6])2 sin2 φ (14)

The relationship between angle φ and the state vector
yk is given by:

φ(yk) = arctan
(

yk[1]yk[4]− yk[2]yk[3]
yk[1]yk[2] + yk[3]yk[4]

)
. (15)

Measurement noise vk in (11) is assumed to be zero-
mean Gaussian with covariance R = diag[σ2

r , σ2
θ , σ2

L].
Two implicit assumptions are made in relation to the

measurement equation. The first is that the target is
moving (its velocity vector is non-zero). The second is
that the target ellipse is oriented in such a manner that
its major axis is parallel to the target velocity vector.

Note that the idea of using an ellipse to represent an
extended object (or a cluster of closely spaced objects)



was originally proposed in [4]. The authors of [4], how-
ever, consider a filter which decouples ellipse parame-
ters from target motion, whereas the key aspect of our
approach is the coupling between the velocity vector
and the orientation.

2.3 Initial state pdf

Nonlinear filtering is performed within the framework
of sequential Bayesian estimation, which requires the
initial pdf of the state vector to be specified. We as-
sume that this initial pdf is Gaussian with covariance
matrix

P0 = diag[σ2
x, σ2

ẋ, σ2
y, σ2

ẏ, σ2
` , σ2

γ ]. (16)

Here σx, σẋ, σy, σẏ correspond to the way the non-
linear filter is initialised (one-point or two-point dif-
ferencing [2]). The selection of σ` and σγ is based on
prior knowledge of target classes expected to be active
in the surveillance volume. Note that if the targets are
ships, the prior on γ is very tight (i.e. σγ is small).

3 Cramer-Rao bound

The nonlinear filtering problem defined by equations
(7) and (11) does not have a closed form optimal so-
lution and in practice must be implemented as an ap-
proximation. However, the theoretically best achiev-
able tracking error performance (second-order error),
in the form of the Cramér-Rao lower bound (CRLB)
is readily available. Such a bound is very important as
a tool for tracking algorithm assessment, performance
prediction, tracking system design, sensor allocation
and scheduling (see [5] and references therein).

3.1 Recursive computation

Let ŷk be an unbiased state estimator based on mea-
surements Zk = {z1, . . . , zk}. The covariance of ŷk has
a lower bound expressed as follows:

Ck , E
[
(ŷk − yk)(ŷk − yk)T

] ≥ J−1
k (17)

where Jk is referred to as the filtering information ma-
trix (FIM) defined in [14] [13], [15]. The inverse Pk =
J−1

k is the Cramér-Rao lower bound (CRLB). The in-
equality in (17) means that the difference Ck − J−1

k is
a positive semi-definite matrix.

If process noise if present, i.e. wk 6= 0 in (7), then
yk is unknown and random, and we seek the Poste-
rior CRLB (PCRLB). Tichavsky et al. [13] provided a
Riccati-like recursion for the calculation of Jk in this
case. When state equation is linear and measurement
equation is nonlinear (as in our case) the FIM is com-
puted as:

Jk+1 =Q−1 −Q−1F
(
Jk + FT Q−1F

)−1
FT Q−1

+ E
{
HT

k+1R
−1
k+1Hk+1

}
. (18)

where Hk is the Jacobian of nonlinear measurement
function hk(·), evaluated at the true state yk, i.e.

Hk =
[∇yk

hT (yk)
]T . Thus an element of matrix Hk

is defined as

Hk[i, j] =
∂hk[i]
∂yk[j]

. (19)

Clearly Hk depends on yk and the expectation E in
(18) is taken over yk. In the absence of process noise,
recursion (18) simplifies to [12]:

Jk+1 =
[
F−1

k

]T
JkF−1

k + HT
k+1R

−1
k+1Hk+1. (20)

If the initial state pdf is Gaussian with covariance P0,
the recursion (18) or (20) is initialised with J0 = P−1

0 .

3.2 Jacobian Hk

The Jacobian Hk is a 3 × 6 matrix. The non-zero
elements of the first two rows are:

Hk[1, 1] =
yk[1]√

y2
k[1] + y2

k[3]
(21)

Hk[1, 3] =
yk[3]√

y2
k[1] + y2

k[3]
(22)

Hk[2, 1] = − yk[3]
y2

k[1] + y2
k[3]

(23)

Hk[2, 3] =
yk[1]

y2
k[1] + y2

k[3]
(24)

The derivation of the first four elements of the third
row is done by differentiation using the chain rule:

Hk[3, j] =
∂L(φ(yk))

∂yk[j]
=

∂L

∂φ
· ∂φ

∂yk[j]
(25)

for j = 1, . . . , 4. It can be shown by differentiation
that:

∂L

∂φ
=

y2
k[5](1− y2

k[6])
L(yk)

· (yk[1]yk[2] + yk[3]yk[4])
(y2

k[1] + y2
k[3])

× (yk[1]yk[4]− yk[2]yk[3])
(y2

k[2] + y2
k[4])

(26)

and

∂φ

∂yk[1]
=

yk[3]
y2

k[1] + y2
k[3]

(27)

∂φ

∂yk[2]
= − yk[4]

y2
k[2] + y2

k[4]
(28)

∂φ

∂yk[3]
= − yk[1]

y2
k[1] + y2

k[3]
(29)

∂φ

∂yk[4]
=

yk[2]
y2

k[2] + y2
k[4]

(30)

The last two elements of the Jacobian are:

Hk[3, 5] =
√

cos2 φ + y2
k[6] sin2 φ (31)

Hk[3, 6] =
yk[5]yk[6] sin2 φ√
cos2 φ + y2

k[6] sin2 φ
(32)



4 Analysis of the CRLB

The CRLB for the described problem of extended tar-
get tracking depends on: (i) the covariance of the ini-
tial state pdf defined by (16); (ii) target-observer ge-
ometry; (iii) measurement accuracy; (iv) process noise.
We restrict our analysis of CRLB to the zero process
noise case, since we observed that small amounts of
process noise have only negligible effect. The influence
of the remaining three factors on the CRLB are exam-
ined using the following scenario.

The observer is located at the origin of x− y plane.
The target is at location (3000, 3100) m, its length is
` = 50 m and its aspect ratio is γ = 0.2. The observer
is static, while the target is moving with constant speed
of 10 m/s. The observer is measuring target range,
azimuth and along-range target extent every Tk = 0.2
s. Each of these measurements is corrupted by zero-
mean white Gaussian errors with (nominal) standard
deviations: σr = 5 m, σθ = 0.2o and σL = 5 m. The
covariance matrix P0 of the initial state pdf has the
following parameters:

σx = σy = 50 m (33)
σẋ = σẏ = 2 m/s (34)
σ` = 20 m (35)
σγ = 0.03 (36)

4.1 The influence of σL

Figure 2 shows the
√

CRLB curves for ẋt = −4.4 m/s
and ẏt = 9 m/s, corresponding to target: (a) position;
(b) velocity; (c) length ` and (d) aspect ratio γ. Three
different values of σL are considered: 0.1 m (thick solid
line), 5 m (dashed solid line) and 100 m (thin solid
line). The first value of σL corresponds to unrealis-
tically accurate measurements, the second value is of
practical interest and the third value mimics the case
when the measurement L is not available.

Figure 2.(a) shows that the measurements of target
extent along the LOS are of small importance for the
estimation of target position. Note that the dashed
horizontal line in this figure (approximately at 16 m)
corresponds to the sensor positional accuracy. Simi-
larly, Figure 2.(b) indicates that measurements of L
make a very small impact on the estimation of tar-
get velocity. However, the impact of measurement L
on the estimation accuracy of target length, shown in
Figure 2.(c), is quite dramatic both for σL = 0.1 m and
for σL = 5 m. Finally, the

√
CRLB curves for aspect

ratio, see Figure 2.(d), are constant (based on initial
pdf) for σL = 5 and 100 m. Only for very accurate
measurements of L (at σL = 0.1 m) this error curve
drops significantly over time.

4.2 The influence of φ

Next we analyse the impact of angle φ on CRLB. For
this, we keep the experimental setup fixed and identical
to the one considered before. The value of σL = 5 m is
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Fig. 2:
√

CRLB curves for target (a) position; (b)
velocity; (c) length ` and (d) aspect ratio, as a function
of σL



fixed, but ẋt and ẏt are varied so that φ at k = 1 takes
values: 0o, 45o, 90o, 135o and 180o (N.B. target speed√

(ẋt)2 + (ẏt)2 is always kept constant at 10 m/s). The
effect of φ on

√
CRLB curves for position and velocity

is negligible and therefore we do not show these curves.
The effect of φ on

√
CRLB curves for estimation of L

and γ is shown in Figure 3.(a) and (b) respectively. In
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Fig. 3:
√

CRLB curves for target (a) length ` and (b)
aspect ratio γ, as a function of angle φ

relation to Figure 3 we observe that angle φ has quite a
dramatic impact on the estimation accuracy of target
length – the value of

√
CRLB at φ = 90o is almost 10

times higher than at φ = 0. From this result it follows
that for a moving observer (e.g. airborne platform) it
makes sense to design an optimal ownship trajectory
(optimal in the sense that it minimises the CRLB for
length `): the speed and heading of the observer should
be such that angle φ approaches the value of 0 or 180o

(whichever is more convenient) as soon as practically
possible.

4.3 The influence of σγ

Finally let us examine the impact of prior knowledge
of the aspect ratio γ. Figure 4 shows the

√
CRLB

curves for target length and aspect ratio estimates
when σγ = 0.03 and σγ = 0.1. Since the value of
σγ did not make any effect on the CRLB for target
position and velocity estimates, these curves are not
shown. Figure 4 confirms the importance of a good
prior for the estimation of target shape parameters.
However, from the CRLB point of view, the target
joint kinematic-shape state vector yk is always observ-
able (even when σγ = 0.1). What the CRLB does not
show is that when the prior is vague, a practical re-
cursive Bayesian nonlinear filter may become unstable
and could diverge from the true state. This will be
analysed in the next section.
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CRLB curves for target (a) length ` and (b)
aspect ratio γ, as a function of prior on γ

5 Nonlinear filters

Two recursive suboptimal Bayesian filters are de-
signed for the described nonlinear filtering problem:
the extended Kalman filter (EKF) and the unscented
Kalman filter (UKF).

Since we adopted a linear state equation, the pre-
diction in both EKF and UKF is performed as in the
standard Kalman filter. The EKF uses the first order
terms in the Taylor series expansion of the nonlinear
measurement equation (11) to perform the filter up-
date [2]. The resulting Jacobian of nonlinear measure-
ment function, whose analytic expression was given in
Sec.3.2, is evaluated at the prediction ŷk|k−1.

The UKF is a recursive minimum mean square error
estimator that uses the true nonlinear measurement
model and approximates the probability density func-
tion of the state vector [9, 6]. This density, however,
is assumed Gaussian (in reality it is not) and is repre-
sented by a set of deterministically chosen sample or
sigma points. A particular choice of sigma points guar-
antees an accurate representation of the mean and co-
variance of any distribution for up to the second order
of nonlinearity.

A small amount of process noise, as in (7), was ap-
plied in both EKF and UKF, in order to improve filter
convergence. The covariance matrix of process noise is
Q = diag[qx, qy, q`, qγ ], with qx = qy = 2.5 · 10−3 and
q` = qγ = 2.5 · 10−11.

5.1 RMS Error Analysis

This subsection reports the RMS estimation error for
the EKF and UKF. All error performance curves were
obtained by averaging over 200 independent Monte
Carlo runs. The target-observer geometry, the covari-
ance P0, and the sensor parameters is the same as



described in Sec.4, with ẋt = −4.4 m/s and ẏt = 9
m/s; σL = 5 m; and σγ = 0.03.

Figure 5 shows the resulting RMS errors of EKF
and UKF against the theoretical

√
CRLB curves (the

mean errors are close to zero in all cases). We observe
that for target position and velocity, the RMS errors of
both EKF and UKF are very close to their respective
theoretical bounds. However, for target length and
aspect ratio, the RMS errors of the EKF are signifi-
cantly worse than their respective bounds. The UKF
error performance is better than that of the EKF, but
we note that its RMS error in aspect ratio is growing
with time, indicating its inability to perform filtering
in this dimension.

5.2 Consistency Tests

Both EKF and UKF provide in addition to state esti-
mates ŷk|k, a self assessment of their estimation errors
in the form of the covariance matrix Pk|k. A filter is
referred to as being consistent if its covariance matrix
is equal to the actual mean square error (MSE) matrix
[2]. The most common statistical test for filter con-
sistency is based on the average normalised estimation
error square (NEES), defined as:

ε̄ =
1

M · ny

M∑

j=1

[ej
k]T [Pj

k|k]−1 ej
k (37)

where ej
k = ŷj

k|k − yk is the estimation error in j-th
Monte carlo run, j = 1, 2, . . . , M ; and ny = 6 is the
state vector dimension. The consistency test assumes
that estimation errors are zero-mean Gaussian. The
average NEES of (37) should be χ2

nyM random variable
with nyM degrees of freedom: its mean value is 1 and
variance is 2/(nyM). The filter is accepted as being
consistent at level α if ε̄ ∈ [r1, r2] with probability 1−
α. The limits of the acceptance interval, r1 and r2

are calculated at level α = 0.05 (i.e. acceptance with
probability 0.95) as follows [2]:

r1,2 ≈ 1
2nyM

(
±1.96 +

√
2nyM − 1

)2

. (38)

The result of the described consistency test for α =
0.05 and M = 200 Monte Carlo runs (the same runs
that were used to compute RMS errors in Sec.5.1) is
shown in Figure 6. The acceptance limits of the consis-
tency test are r1 = 1.0812 and r2 = 0.9212. We observe
that both filters are inconsistent; moreover, since the
average NEES exceeds the upper limit (ε̄k > r1), we
know that both filters are overoptimistic. This means
that filter calculated covariances are too small com-
pared to the actual MSE. This type of behavior often
leads to filter divergence, which was indeed occasion-
ally observed for both EKF and UKF. Note that the
average NEES curve of UKF is closer to the acceptance
interval [r1, r2] than the NEES curve of the EKF; in
practice this means that the UKF is less prone to di-
vergence than the EKF.
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Fig. 5: RMS error curves of EKF and UKF against the√
CRLB curves for: (a) target position, (b) velocity,

(c) length ` and (d) aspect ratio γ
.
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Remark 1. The CRLB analysis shows that mea-
surements of target extent along the LOS are hav-
ing a very small impact on the estimation accuracy
of target position and velocity, for realistic value of
σL = 5 m. Hence, it would be possible to decouple po-
sition/velocity estimation from length/aspect-ratio es-
timation. The most convenient implementation of po-
sition/velocity estimation would be based on consistent
unbiased conversion of range-bearing into the Carte-
sian measurements [7], followed by the Kalman filter.
The estimation of length/aspect-ratio would then fol-
low using either a nonlinear filter or some parameter
estimation technique (e.g. maximum likelihood esti-
mation).

Remark 2. Additional measurements of target an-
gular extent, if available, would improve the estimation
accuracy of target length and aspect ratio.

6 Conclusions

The paper studied a nonlinear filtering problem for
tracking an extended target whose shape is modelled
by an ellipse, using the measurements of target extent
along the line of sight, in addition to the usual posi-
tional measurements. The Cramér-Rao lower bounds
are examined and the influence of measurement accu-
racy, target-observer geometry and the uncertainty in
aspect ratio are investigated. Two simple nonlinear
filters (extended and unscented Kalman filters) have
been developed for this problem and their performance
studied based on Monte Carlo simulations. It appears
that both EKF and UKF are not suitable for this non-
linear filtering problem, because the nonlinearity in-
volved is too severe. The UKF, however, shows much
better performance than the EKF. It is left for future
work to develop a particle filter for this application and
to examine its performance. The particle filter could
be applied only to the two-dimensional problem of tar-
get length and aspect-ratio estimation.
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